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Abstract

We report on the use of optical interferometry employing fringes of equal chromatic order (FECO) in a surface force apparatus
determine film thicknesses and refractive indices of confined media for a wide range of separations. In particular, we show how to
the surface separation (film thickness) based on two fringes whose contact position was not measured. We discuss the measurem
and though the theoretical accuracy is 1 Å for all separations, we show that in practice, for large separations, it is very hard to
accuracy.
 2003 Elsevier Inc. All rights reserved.
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In a SFA (surface force apparatus) [1] experiment, the
usually a three- or five-layer interferometer [2]. For simp
ity we assume here a three-layer interferometer, althoug
analysis applies to any number of layers. When the trans
ent substrate layers (typically mica sheets) are brought
contact, the positionsλ0

p of thepth-order fringes is usuall
measured in the visible range of wavelengths. After the s
strate surfaces are separated by a distanceD, a three-laye
interferometer is formed. The fringes shift to longer wa
lengths and their new positionsλD

p are given (see Ref. [3]) b

tan
(
2πµmedD/λD

p

)
(1)= 2µ̄sin(4πµY/λD

p )

(µ̄2 − 1) − (1+ µ̄2)cos(4πµY/λD
p )

,

which, assuming no dispersion (we discuss this point l
in the text), reduces to the more useful form

tan
(
2πµmedD/λD

p

)

(1a)=
2µ̄sin

(
π

1−λ0
p/λD

p

1−λ0
p/λ0

p−1

)
(1+ µ̄2)cos

(
π

1−λ0
p/λD

p

1−λ0
p/λ0

p−1

)
± (µ̄2 − 1)

,
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whereY is the optical thickness of each substrate (we
cuss later the difference between the optical and phy
thicknesses) and̄µ = µ/µmed, whereµ (µγ or µβ) and
µmed are, respectively, the refractive indices of the mica
the intervening medium atλD

p . In Eq. (1a),+ and − re-
fer to p odd andp even order fringes, respectively. Oth
ways of calculating thicknesses are available (see, for ex
ple, Ref. [4]); however, the simplicity of Eq. (1a) made
the most common method. Indeed, due to the increase
of Eq. (1a) in SFA measurements, people have addre
some special cases which were not addressed by the or
publication [3], such as reflecting (metallic) media [5], no
symmetric three-layer interferometry [6], and most rece
the splitting of the fringes as a result of a liquid crystall
medium [7]. Currently Eq. (1a) is limited due to the fa
that the fringes at contact need to be of the same ord
the fringes of measurements. Apart from imposing incon
nience, this also limits the range of measurable separat
since at far separations, the contact fringes are no long
the visible range. Different approaches to this problem w
addressed by Horn and Smith [6], by Heuberger et al.
and by Farrell et al. [8]. In this study, however, we pres
a very simple account for this problem. An even simpler
count than the one presented here is given in the thesis
Christenson [9]. This solution, however, is extremely se
tive to the position of the fringes, sub-Ångstrom errors in
wavelength measurement can produce a micrometer-

http://www.elsevier.com/locate/jcis


R. Tadmor et al. / Journal of Colloid and Interface Science 264 (2003) 548–553 549

d ac
r of

he
para

ons
e
ge.
d to

es,

at
r
able

ould
sur

rate
ctiv
ad-
g

r
ub-

tive
In

the
the
ce).
tion
n be
ness

ay
2a)
-
one
on.
ngle
ent

of

o

ed to

use
ep-
the

-
n

e
one
n

the

re-
, for

ua-
ngth

(5)
ny
r

here
a),

-
wn
error in the separation. This paper describes an easy an
curate way of calculating the separation from any orde
fringes at any surface separation.

From Eq. (1a) it is clear that if the refractive indices of t
(mica) substrate and the medium are known then the se
tion between the surfacesD can be obtained fromλD

p , λ0
p ,

andλ0
p−1. In the case where the medium refractive indexµ

is not known [10,11], there is a need to solve two equati
with two unknowns,D and µmed. The two equations ar
Eq. (1a) for an odd fringe and Eq. (1a) for an even frin
In order to solve these simultaneous equations, we nee
know the location of two adjacent fringes,λD

p andλD
p−1, at

finite D and the “contact” positions of three adjacent fring
λ0

p , λ0
p−1, andλ0

p−2, atD = 0.
The limitation of the above “conventional” method is th

λD
p , λD

p−1, λ0
p , λ0

p−1, andλ0
p−2 need to be in the visible fo

them to be measured. This limits the range of measur
separationsD obtained using this approach toD < 1 µm
for typical substrate thicknesses (thicker substrates w
increase the range but decrease the accuracy of the mea
ments).

In this paper we describe a procedure that allows accu
and unambiguous measurements of distance and refra
index to be made using the contact position of only two
jacent fringes,λ0

p andλ0
p−1, and—more importantly—usin

two adjacent fringes ofany order,λD
m andλD

m−1, and not nec-
essarilyλD

p andλD
p−1.

1. General procedure for measuring D and µmed of
films of arbitrary thickness

The “contact” positions,λ0
p , correspond to a single-laye

interferometer. A one-layer interferometer made of a s
strate with a refractive indexµ and physical thicknessY ′,
obeys the relation

(2)2µY ′ = pλ, p = 1,2,3, . . . ,∞,

whereλ is the wavelength that corresponds to construc
interference andp is a natural number (the fringe order).
practice there is never a one-layer interferometer, since
reflecting layer results in a phase change of the light at
substrate–reflector interface (say a mica–silver interfa
Such a phase change for the mica–silver interface reflec
has been studied [12], and it has been shown that it ca
viewed as an apparent small change in the optical thick
of the substrate toY instead ofY ′ [13]:

(2a)2µY = pλ, p = 1,2,3, . . . ,∞.

It is intuitive that the solution to the proposed problem m
be provided using this equation. Specifically, using Eq. (
to substitute the thickness of the layerY for the contact posi
tion of the fringe in Eq. (1a), we should be able to relate
contact fringe position to any other contact fringe positi
Hence, the problem becomes one of how to express a si
layer interferometer in terms of a relation between differ
fringe orders (rather than the presentation of Eq. (2a)).
-

-

e-

e

-

Using Eq. (2a) and assuming constantY [13], we write
for three arbitrary fringes of orderp, p − 1, andm

(3a)2µpY = pλ0
p,

(3b)2µp−1Y = (p − 1)λ0
p−1,

(3c)2µmY = mλ0
m,

where we writeµp to emphasize the dispersive nature
the substrate, i.e., that each refractive indexµp corresponds
to a wavelengthλ0

p . Equations (3a) and (3b) have just tw
unknowns,Y andp, and solving for them we get

(4)
1

p
= 1− µp−1λ

0
p

µpλ0
p−1

.

From Eqs. (3a) and (3c) and using Eq. (4) we obtain

(5)λ0
m = µm

µp

λ0
p

1− (p − m)
(
1− µp−1λ0

p

µpλ0
p−1

) .

Equation (5) relates the position of themth fringe to that of
thepth fringe as a function of the number of fringes(p −m)

between them, as well as five other parameters that ne
be known, includingµm. Note that(p − m) is an integer,
which may be positive, negative, or zero. Now, we may
any fringe in order to use Eq. (1a) for the calculation of s
arations and refractive indices: we simply need to count
number of fringes fromm to p, put this number as(p − m)

into Eq. (5), and calculate a new set of contact positionsλ0
m,

λ0
m−1, andλ0

m−2. As we show later in the worked Exam
ple 1, the value ofµm can be obtained by substitution of a
approximatedλm given by Eq. (6) into Eq. (12), which w
introduce below. Experimentally, if a measurement is d
at a large separation on a fringeλD

m whose contact positio
λ0

m is not visible, one way of finding(p − m) (after com-
pleting a measurement using themth fringe) is to bring the
surfaces to substrate–substrate contact while counting
passing fringes until one finds thep-fringe. This number is
the integer (p − m).

Equation (5) requires knowledge ofµm. To obtain this,
note that Eq. (5) has a very weak dependence on the
fractive index of the substrate. Neglecting the dispersion
example, results in

(6)λ0
m = λ0

p

1− (p − m)(1− λ0
p/λ0

p−1)
,

which is an excellent approximation for many cases. Eq
tion (6) can also be used for a first guess for the wavele
at which one needs to look forµm in Eq. (5). In worked Ex-
ample 1, we show how this can be done. Similarly, Eq.
or its approximated version, Eq. (6), which is written for a
λ0

m, can also giveλ0
p−2, thus reducing the minimal numbe

of required contact fringes to 2. In fact, there are cases w
only two fringes are in the visible range (for very thin mic
for which Eq. (5) may be very useful. In worked Exam
ple 2 we show that for a three-layer interferometer of kno
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medium refractive index and substrate dispersion [14],
can theoretically calculate the positions of the contac
fringes even without counting the integer(p − m). How-
ever, in practice this can be used only for small(p − m);
therefore, for large separations,(p − m) usually needs to b
counted from the passing fringes as described above.

The simplified result of Eq. (6) can also be obtained
puttingD = 0 in Eq. (1a). This gives

(7)
1− λ0

p/λD
p

1− λ0
p/λ0

p−1

= z,

wherez is an integer. In Eq. (7),λD
p is not the contact po

sition λ0
p , but any contact positionλ0

m. This is because an

such fringe would correspond to tan(2πµmedD/λD
p ) = 0 in

Eq. (1a). Thus, solving for Eq. (7), we again get Eq. (6).
It is clear from the above treatment that Eq. (1a) d

not take into account the dispersion of the substrate
was noted already in the original paper [3]. The dispers
of mica has been studied [15,16], and below we derive
equation corresponding to Eq. (1) for dispersive substr
and media.

Using the more fundamental form of Eq. (1), rath
than (1a), we note that a one-layer interferometer imp
that

(8)
4πµY

λD
p

= pπ
(
λ0

p/λD
p

)
,

whereµ is the refractive index of the mica atλD
p (as noted in

Eq. (1)). Substituting Eqs. (4) and (8) into Eq. (1), we obt
the dispersive version of (1a) as

tan
(
2πµmedD/λD

p

)
= 2µ̄sin

(
π
(
1− λ0

p/λD
p

)(
1− µp−1λ

0
p

µpλ0
p−1

)−1
)

×
[
(1+ µ̄2)cos

(
π
(
1− λ0

p/λD
p

)(
1− µp−1λ

0
p

µpλ0
p−1

)−1
)

(9)± (µ̄2 − 1)

]−1

.

Equation (9) is the analogue of Eq. (1a) with a correc
for the dispersion in the substrate refractive index, and a
Eq. (1a),+ and− refer top odd andp even order fringes
respectively.

Finally, we may write the analogue to Eq. (9) for any
der of fringe,

tan
(
2πµmedD/λD

m

)
= 2µ̄sin

(
π
(
1− λ0

m/λD
m

)(
1− µm−1λ

0
m

µmλ0
m−1

)−1
)

×
[
(1+ µ̄2)cos

(
π
(
1− λ0

m/λD
m

)(
1− µm−1λ

0
m

µmλ0
m−1

)−1
)

(10)± (µ̄2 − 1)

]−1

,

and then use Eq. (5) to replace the unknownsλ0
m andλ0

m−1
with the measuredλ0

p and λ0
p−1 (and the calculatedλ0

p−2
in the case where the refractive index of the medium is
known).

In certain situations, the integer number(m − p) may
not be available or measurable. Since we have two di
ent equations (10) for odd and even fringes, we can
the measuredλD

m andλD
m−1, and simply guess a value fo

(p − m). Then, using Eq. (5) withλ0
p and λ0

p−1, we cal-
culate the contact positions which correspond to fringesm,
m − 1, andm − 2. Apparently, only if the guess is corre
will one obtain the same separationD using both forms o
Eq. (10) for even and for odd fringes. In practice, howe
this method (which anyway works only for a three-lay
interferometer) can be done only for very small(p − m)

values, while for large(p − m) other factors such as the di
persion of the mediumµmedand the dispersive phase chan
at the reflector–substrate interface should also be known
accurately. This is discussed further after Example 2. The
amples below are based on measured values.

2. Worked examples

2.1. Example 1

Estimating the value ofλ0
p−2 from λ0

p andλ0
p−1.

In an experiment using “brownish” mica as substrate,
contact wavelengths of three adjacent fringes of unkn
orderp, p − 1, andp − 2 are measured (Fig. 1) and fou
to be atλ0

p = 5604.18± 0.11 Å, λ0
p−1 = 5761.07± 0.16 Å,

andλ0
p−2 = 5927.38± 0.21 Å. If we want toestimate the

position ofλ0
p−2 from λ0

p andλ0
p−1, then puttingp − m = 2

into Eq. (6) we obtain

λ0
p−2 = 5604.18

1− 2(1− 5604.18/5761.07)

(11)= 5926.99 Å, neglecting dispersion.

Fig. 1. Schematic representation of the locations and shapes of the F
in Examples 1 and 2. The flat parts inλ0

p , λ0
p−1, andλ0

p−2, result from
the elastic distortion of the glue which supports the mica [3]. For su
flat contact of mica in air, odd (. . . ,p,p − 2, . . .) fringes always have
similar shape, which is different from that of the even (. . . ,p−1,p−3, . . .)

fringes. Specifically, the place at which the fringes stop being flat and
bending has a bigger discontinuity in its derivative for odd fringes than
even fringes. Also note that sincem > p, λD

m , λD
m−1, andλD

m−2 are closer

together thanλ0
p , λ0

p−1, andλ0
p−2.
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If we include dispersion in the refractive index, then we ne
to know the relation for the refractive index of the frin
(β or γ ) that is being measured as a function ofλ. For
“brownish mica,” this is [17]

(12)µβ = 1.5794+ 4.76× 105/λ2 for β fringes,

whereλ is the wavelength in Å. We first calculate the r
fractive indices at the three contact wavelengths, and
tain µβ(λ0

p) = 1.5946, µβ(λ0
p−1) = 1.5937, µβ(λ0

p−2) =
1.5929. Now, using Eq. (5), we obtain

λ0
p−2 = 1.5929

1.5946

5604.18[
1− 2

(
1− 1.5937

1.5946
5604.18
5761.07

)]
(13)= 5927.24 Å,

which is in excellent agreement with the measured va
of 5927.38± 0.21 Å, indeed, within the experimental erro
Actually, one could use the measured value ofλ0

p−2 to deter-
mine one of the constants in Eq. (12) or, if we also measu
λ0

p+1 or λ0
p−3, to get both constants. Note that it is not ne

essary to know the value ofp, nor does it matter ifp is odd
or even—the equations are identical. Only for the separa
measurements of the three-layer interferometer is it im
tant to know whetherp is odd or even (it happened to b
odd for this specific example). We also note that this met
can be used to calculate the contact wavelength ofany fringe
order, not justλ0

p−2.

2.2. Example 2

Calculating distancesD from λ0
p andλ0

p−1, and the mea

sured positionsλD
m andλD

m−1 of any two adjacent fringes o
unknown orderm andm − 1.

A measured contact position of a fringe of unknown
der p is at λ0

p = 5466.969 Å and that of orderp − 1 is at

λ0
p−1 = 5580.093 Å. The substrate is brownish mica, who

refractive index is given by Eq. (12). The surfaces are w
separated and we want to calculate the distanceD between
the two surfaces. We know that the medium between the
mica substrates has a refractive index of 1.410 [14],
we perform simultaneous measurements ofλD

m and λD
m−1

and obtainλD
m = 5550.223 Å andλD

m−1 = 5653.46 Å (see
Fig. 1 for the qualitative relative positions ofλ0

p , λ0
p−1,

λD
m , λD

m−1 in this example). For a quick estimate ofD, one
can use Eq. (6) to calculate the contact positions of v
ous fringesp + 1,p + 2, . . . (see Example 1) and Eq. (1
to calculate the distances of our three-layer interferom
until p + (p − m) is found. A more accurate approach
to use Eqs. (5) and (6) for the calculation of the positio
p + 1,p + 2, . . . , as described in Example 1, and Eq.
for the distances. In this example we show a case w
Eq. (5) is used with Eq. (1a) [14]. Obviouslym � p; hence
our first guess ism = p. Using this guess, we put the va
ues forλ0

p , λ0
p−1, andλD

m (which we guess to beλD
p ) in

the odd version of Eq. (1a) and obtainD = 1363 Å. We
then perform the same calculation usingλD
m−1 (which we

guess to beλD
p−1) and the values forλ0

p−1 and λ0
p−2 us-

ing the even version of Eq. (1a), and obtainD = 1310 Å.
Since 1363�= 1310, our guess was wrong. Our second gu
would bem = p + 1 (wherem is now even), and we us
the even version of Eq. (1a) with the calculated value
λ0

p+1, measuredλ0
p andλD

m (which we guess to beλD
p+1).

We obtainD = 3288 Å. The odd version of Eq. (1a) wit
λ0

p , λ0
p−1, andλD

m−1 (which we guess to beλD
p ), now re-

sults inD = 3280 Å. Since 3288∼= 3280, we conclude tha
m = p + 1. The difference of 8 Å is in part because t
refractive index of the medium was assumed to be non
persive, and in part because the mica–silver phase ch
was also assumed to be nondispersive. We should also
that for m = p + 2, we obtainD = 5217 Å using the odd
version of Eq. (1a) withλ0

p+2, λ0
p+1, andλD

m (guessed to be

λD
p+2), andD = 5248 Å using the even version of Eq. (1

with λ0
p+1, λ0

p , and λD
m−1 (guessed to beλD

p+1), and we

get D(λD
m,λ0

p+2, λ
0
p+1) < D(λD

m−1, λ
0
p+1, λ

0
p). Indeed, for

all guesses abovep + 1 the second estimate is higher th
the first, while for all guesses belowp + 1 the reverse is
true, and this observation is general. In other words, the
aration calculated using a higher order contact fringe co
is bigger than that using a lower order contact fringe cou
for (m−p) guesses which are smaller than the real (m−p),
whereas the separation calculated using a higher order
tact fringe couple is smaller than that using a lower or
contact fringe couple for (m − p) guesses which are bigg
than the real (m − p). Formulating this would look like this

D
(
λD

m,λ0
p+i , λ

0
p+i−1

)
> D

(
λD

m−1, λ
0
p+i−1, λ

0
p+i−2

)
for i < (m − p),

D
(
λD

m,λ0
p+i , λ

0
p+i−1

)= D
(
λD

m−1, λ
0
p+i−1, λ

0
p+i−2

)
for i = (m − p),

D
(
λD

m,λ0
p+i , λ

0
p+i−1

)
> D

(
λD

m−1, λ
0
p+i−1, λ

0
p+i−2

)
for i > (m − p).

The above example uses onlym = p + 1 (i = 1) and
would work for most cases only for very small values
(m−p). Thus, in general it is advised to count the numbe
passing fringes in order to determine (m−p). Theoretically,
it should be possible to include the dispersive refractive
dex of the mediumand the dispersive phase change at
reflector–substrate interface. However, as we discuss be
incorporating a dispersive phase change, while theoretic
desirable, is difficult in practice.

Since the above did not include the dispersive ph
change, the similarity obtained for the two calculations oD

does not suggest that this is the “error” in the separat
which could be larger. As we shall see, incorporation of
phase change gives a formally accurate solution; howe
there are good reasons to use only the substrate dispe
refractive index and neglect the dispersive phase chang
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3. Comparing dispersion and phase change

If we consider a normal SFA experiment with mica
a substrate and a silver layer of 550 Å as a reflector,
out of the two corrections to the ideal position of the fring
(substrate refractive index dispersion and substrate–refl
dispersive phase change), the substrate dispersion is us
the bigger contributor, as demonstrated in Fig. 2. In addi
to having a smaller effect, the phase change adds com
ity and requires the use of phenomenological relations.
above discussion does not neglect phase change comp
but rather uses a constant value for the phase chan
D = 0 (as explained by Bailey and co-workers [8]), since
wavelength positions measured in contact correspond t
reflector phase changing system that produced them. T
for many systems, this constant value correction suffi
However, there are situations in which one would like to
corporate the dispersive phase change.

4. Incorporating the phase change at the
substrate–reflector (mica–silver) interface

For better accuracy there is a need to incorporate
phase change at the substrate–reflector interface. We u
idea suggested by Bailey and co-workers [8], and we fol
their methodology to incorporate the phase change cont
tion explicitly. The phase change has the effect of adding
subtracting) an apparent thicknessy to the real thickness
and hence mica of real thicknessY ′ will, due to the phase
change, appear to be of thicknessY = Y ′ + y. Note thaty is
a function of the wavelength.

Fig. 2. The difference [Å] between the calculated and measured (e
imental) contact wavelengths for three calculations: square—use Eq
(neglecting both dispersion of mica and of mica–silver interface); tr
gle—use Eq. (5) (neglecting only dispersion of mica–silver interface);
cle—use Eq. (20) (considering dispersion both of mica and of mica–s
interface). The filled squares on the vertical line across the 0 of the ord
correspond to the measured experimental value. All the calculations
done using the two rightmost measured experimental data points.
r
ly

-

y,
t

,

e

We start again with the single layer interferometer, a
following Bailey and co-workers [8], we can rewrite Eq. (
as

(14a)2µp(Y ′ + yp) = pλ0
p,

(14b)2µp−1(Y
′ + yp−1) = (p − 1)λ0

p−1,

(14c)2µm(Y ′ + ym) = mλ0
m.

Solving Eq. (14) forp, we get

(15)
1

p
=

λ0
p−1 − λ0

p
µp−1
µp

λ0
p−1 − µp−1(yp − yp−1)

,

whereyi is the value ofy for the wavelengthλ0
i (that is,

y(λ0
i )) and it can easily be seen that for a constant (non

persive)y, Eq. (15) reduces to Eq. (4).
Generallyy(λi) (and particularlyy(λ0

i )) is a function of
the dispersive phase changeφ(λi ),

(16)y(λi) = φ(λi)
λi

4πµ(λi)
,

whereφ(λi) was shown by Bailey and co-workers [8] to
given by the expression

φ(λi) = arctan

(
k(λi)

n(λi) − µ(λi)

)

(17)− arctan

(
k(λi)

n(λi) + µ(λi)

)
,

wherek(λi) andn(λi) are the imaginary and real parts
the complex refractive index of the reflector (usually sil
in our case). Tabulated values fork(λi) and n(λi) can be
found in ordinary handbooks (see, for example, Ref. [1
In Fig. 2, we used the heuristic relation from Ref. [1
which was obtained from measurements with a silver la
250–500 Å thick deposited by evaporation:

k(λi) = −2.991902+ 0.001514λi − 5.770477λ2
i ,

(18)n(λi) = 0.5.

In Ref. [19], silver films of thickness 185–500 Å were me
sured, and no dependence on film thickness was observe
films thicker than 250 Å. Note that Bailey and co-work
also do not consider the phase change at the mica silve
terface to be a strong function of the silver thickness
rather, the silver roughness, which depends on the wa
silver deposition, the temperature and pressure, and th
ration of the deposition, is the dominant factor in the ph
change. Now, the value of (yp − yp−1) can easily be calcu
lated from

yp − yp−1 = y
(
λ0

p

)− y
(
λ0

p−1

)
(19)= φ

(
λ0

p

) λ0
p

4πµ0
p

− φ
(
λ0

p−1

) λ0
p−1

4πµ0
p−1

,

whereφ(λi) is given by Eq. (17). This in turn can be subs
tuted into Eq. (15) to calculate 1/p.
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We can now use Eq. (14) to calculate the position
any contact fringeλ0

m based on two measured fringesλ0
p

andλ0
p−1,

λ0
m = µm

µp

λ0
p

1− (p − m)
(

λ0
p−1−µp−1(yp−yp−1)

λ0
p−1−λ0

pµp−1/µp

)

(20)− 2µm(yp − ym)(
λ0

p−1−µp−1(yp−yp−1)

λ0
p−1−λ0

pµp−1/µp

)
− (p − m)

,

and one can see that for a nondispersivey, Eq. (20) reduces
to Eq. 5.

Figure 2 shows the calculated positions ofλ0
m using

Eqs. (20), (5), and (6). Equation (6) is an approximate
lution which neglects both mica dispersion and mica–si
phase dispersion; Eq. (5) accounts for the substrate (m
dispersion but neglects the phase change at the sub
reflector (mica–silver) interface; and Eq. (20) accounts
both substrate and substrate–reflector phase dispersion
can see that as the equation used is more exact the c
lated wavelength position becomes indeed increasingly c
to the measured one. Apparently, however, Eq. (20) fail
calculate the exact position of wavelength and does not
vide an absolutely accurate solution. This is not surpris
for two reasons. One, as noted earlier, is that the relation
Eq. (18) are dependent on the exact experimental condi
that formed the silver layer, which can be different from
periment to experiment. Another reason is that Eq. (20)
two opposite large corrective terms, which eventually re
in a small correction. Hence a small inaccuracy in the m
surement of the wavelength or in Eq. (18) could result i
rather big error if Eq. (20) were used. (Unlike Eq. (5), wh
the corrective term merely multiplies an existing term b
small number.)

Thus, relying on literature values for the reflector ph
change is problematic since they may use different co
tions than the experimental ones, which cannot necess
be accounted for (e.g., silver roughness at the interface)
therefore suggest measuring the values ofk(λi) andn(λi)

using the known(m − p) values in Eq. (20) for every expe
iment in which it may be necessary and recalculating
constants using Eq. (18). The only problem with this
proach is that unlike the dispersive refractive index, wh
uses the rather well-established Cauchy relation, the e
tions for the dispersive phase change are purely heur
empirical relations, and hence the extrapolation (and
haps even the interpolation) of the experimental values is
well-founded and could be erroneous.

To complete the picture, we write the equation
the three-layer interferometer that accounts for the ph
change. Here again we follow Bailey and co-workers
)
e

e
-

-

who noted that in Eq. (1) the term 4πµY/λD
p can be re-

placed by

(21)4πµDY/λD
p = πλ0

p

λD
p

[
p

µD

µ0
− 4µD

λ0
p

(
yp − yD

p

)]
,

where µD is µ(λD
p ), µ0 is µ(λ0

p), yD
p = y(λD

p ), and

yp = y(λ0
p). Substitutingp from Eq. (15) into Eq. (21) and

substituting that into Eq. (1) would give the correct expr
sion for the three-layer interferometer, which accounts
both the dispersion and the phase change.

Acknowledgments

We thank Qi Lin, Peter Ercius, and Linh Tran for us
ful discussions and computational assistance. NASA G
NAG3-2115 is gratefully acknowledged.

References

[1] J.N. Israelachvili, Intermolecular and Surface Forces, Academic P
London, 1991.

[2] S. Tolansky, Interferometry, Longman, London, 1973.
[3] J.N. Israelachvili, J. Colloid Interface Sci. 44 (1973) 259.
[4] M. Heuberger, G. Luengo, J. Israelachvili, Langmuir 13 (1997) 38

3848.
[5] M.T. Clarkson, J. Phys. D Appl. Phys. 22 (1989) 475.
[6] R.G. Horn, D.T. Smith, Appl. Opt. 30 (1991) 59.
[7] V. Kitaev, E. Kumacheva, J. Phys. Chem. B 104 (2000) 8822.
[8] B. Farrell, A.I. Bailey, D. Chapman, Appl. Opt. 34 (1995) 2914.
[9] H.K. Christenson, Ph.D. thesis, Australian National University, 19

[10] J. Janik, R. Tadmor, J. Klein, Langmuir 13 (1997) 4466.
[11] J. Janik, R. Tadmor, J. Klein, Langmuir 17 (2001) 5476.
[12] E. Eisner, Research 4 (1951) 183.
[13] The optical thicknessY which takes into account the phase chan

of light at the reflector–substrate interface, as opposed to the phy
thicknessY ′, is a function of the wavelength and the thickness of
reflector (silver) layer. Throughout the first part of the paper the
proximation of a constantY is made. Although later in the paper th
dispersiveY is accounted for, note that in practice, the use of a c
stantY is more useful for most cases.

[14] In principle, one should use the dispersive form of the refractive in
for the medium as well; however, from Eq. (10) one sees that the
fractive index of themedium is only relevant for the measured fringe
which, by definition, are all in the visible range. Thus, the error in
dispersion of the medium is limited to the narrow visible range. On
other hand, the refractive index of thesubstrate should be known a
the measured (visible) fringe as well as at the contact positions w
could be well outside the visible range. Thus, the dispersion of
substrate does need to be known.

[15] A.I. Bailey, S.M. Kay, Br. J. Appl. Phys. 16 (1965) 39.
[16] S.Y. El-Zaiat, Opt. Laser Technol. 29 (1997) 495.
[17] J.N. Israelachvili, G.E. Adams, J. Chem. Soc. Faraday Trans. 1 (1

975.
[18] D.R. Lide (Ed.), CRC Handbook of Chemistry and Physics, C

Press, London, 1998.
[19] P.B. Johnson, R.W. Christy, Phys. Rev. B 6 (1972) 4370.


	Thickness and refractive index measurements using multiple beam interference fringes (FECO)
	General procedure for measuring D and µmed of films of arbitrary thickness
	Worked examples
	Example 1
	Example 2

	Comparing dispersion and phase change
	Incorporating the phase change at the substrate-reflector (mica-silver) interface
	Acknowledgments
	References


